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Introduction

Motivation

» Intuition: option prices encode investor expectations, risk preferences for
the underlying asset returns. Forward-looking in nature.
» Decoding this information provides economic implications:
e Tail risk management.

o Moment-based factor construction.

» Benefits:
o Free of historical data.
o Free of statistical assumptions.
e Incorporate market conditions rapidly.

» All the above require an estimation method to uncover the asset return
density (or some distributional metrics) implied in option prices.
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Introduction

Literature Review

» Since the 1970s till the early 2000s, structural estimation methods were
dominant, by using parametric models: Black and Scholes (1973); the
CEV model by Cox and Ross (1976); the GARCH model by Duan (1995);
the SV model by Heston (1993) and etc.

> Breeden and Litzenberger (1978): model-free risk-neutral density (RND)
from option prices; Ait-Sahalia and Lo (1998): nonparametric kernel
regression; Shimko (1993), Bliss and Panigirtzoglou (2004) propose to
model IVs with constant extrapolation; Figlewski (2010) propose GEV
extrapolation.
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Introduction

Literature Review

> Tail risk metrics. Ait-Sahalia and Lo (2000), Huggenberger et al. (2018),
Barone-Adesi (2016): option-implied VaR, ES; Vilkov and Xiao (2013), Gao
et al. (2019), Gao and Pan (2024): option-implied tail loss index.

» Moment factors. Bakshi et al. (2003), Dennis et al. (2006), Fu et al. (2016),
Bali et al. (2019): option-implied volatility, skewness, kurtosis can explain
stock returns.
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Introduction

The Gap

» However, the classical estimation methods of RND from option prices suffer
from the dilemma—go parametric, or go model-free?

» Parametric:
o Well-conditioned, smooth, analytical RNDs.
e At the cost of rigid assumptions.
» Model-free:
e Free of statistical assumptions; data-driven RNDs.
o At the cost of no economic awareness; sensitive to noisy data.

» The problem for stocks is even severe, neither approaches work well so far.

» Can we model the noisy option prices nonparametrically, but with some
basic economic principles?
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Introduction

Our Paper

> We propose a novel Constrained Gaussian Process (ConsGP), which
e Can learn option prices nonparametrically.
o And make predictions that align with the no-arbitrage principles.

» The ConsGP enables us to uncover the RND and the distributional metrics
in a completely model-free way:
e more suitable for stocks than the existing methods.
e Both call and put options are used to uncover the RND.

e A generic approach to derive option-implied distributional metrics, e.g.,
VaR, ES, partial moments, central moments, ...
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Introduction

Our Paper

» Empirical analysis with the options of a large cross-section of stocks.

» Stock options are noisier and more illiquid than index options, a challenge
for both parametric and nonparametric methods.

» S&P 500 constituent stocks; options traded from 1996 to 2022.

» The stock-level RND recovered with ConsGP provides significantly enhanced
economic information:
e The implied left-tail risk metrics are 3.92x better in terms of the
out-of-sample R!;
e The implied moments are 4.30x better in terms of the Sharpe ratio,
compared with the classical model-free RND recovery methods.
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Model

Model-Free RND Recovery

Theorem (Breeden and Litzenberger (1978))

For a specified expiry time T, at the current time t, if the prices of a
cross-section of European options with different strikes satisfy the no-arbitrage
principles, then there exists a risk-neutral distribution whose cdf is given by:

FOK) = e’(T_t)aKCt(K) + 1, for call options, (1)
FOUK) = e T=98xP,(K), for put options. (2)
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Model

Model-Free RND Recovery
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Traded option prices for CSCO on 28 Jun 2021 with 25 days to the expiration.

» Option prices in reality are not arbitrage-free, and are not traded on a
continuum of strikes.

» The Breeden-Litzenberger theorem can not work!
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Model

Model-Free RND Recovery
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IV interpolation with lognormal tails extrapolation.

» Classical recovery methods, e.g., Shimko (1993), Bliss and Panigirtzoglou
(2004), Figlewski (2010), work with 1Vs.

» Spline interpolation on IVs, and parametric tail extrapolation.
» The model-free RND can still be ill-conditioned!
Cao, Chen, Cheng & Shi (2024)
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Model

Economics-Aware ML: The ConsGP

» Our approach: we employ ML to model option prices directly, but with the
constraints of no-arbitrage conditions. — An economics-aware machine.

» We use a Gaussian Process, a nonparametric probabilistic ML model.

» We perturb its predictive distribution by our prior knowledge.
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Model

Economics-Aware ML: The ConsGP

We consider a GP subject to the no-arbitrage prior knowledge:

Yim(x) = zmjf(t-)d(x) L st {ym (x;) =y; (interpolation conditions),
'm = j ) Pj ; 2-L.

= Ym €& (inequality conditions),

finite-dimensional GP with noise fit to the observed prices + no-arbitrage constraints

where £ is a convex set of R™ represents the no-arbitrage constraints:

positivity
. /_/\ .

Vi=1,....m:& >0 if Kk =0,

non-increasing non-decreasing

= —~— ———
Eei= V=2 m:% 6 120 (call), §—6 120 (put) ifr—1,
convexity

Vj:3,...,m:é}—5j_1Zgj_l—é'j_g ifﬁ:Z,

> ti,---,tmn € RT is a set of equally spaced knot points.

> ¢;(x) is a hat basis function.
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Model

Economics-Aware ML: The ConsGP

» The standard GP fits y,,(x) = ®£ + € to the data, where £ ~ N(0, %),

there is no better knowledge about £&. — Data-driven learning.

» From economics (the no-arbitrage conditions), we actually know more:

£~ N(0,), st {‘56 =y < what we can learn from data,

Ee& + what we know from economics.

» How to solve the vector £ then?
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Model

Economics-Aware ML: The ConsGP

> Step one: estimate a standard GP (interpolation conditions):

1 1
Lm(0: X, y) = = log (det(So)) - 5ya= 5 ya* — Jlog2m,

2 2
OmLe = argmin — L,(0; X, y).
6ce
» Step two: evaluate the optimal posterior covariance Xy, ..
Cao, Chen, Cheng & Shi (2024) ABFR Doctoral Research Symposium
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Model

Economics-Aware ML: The ConsGP

» Step three: solve the £ with no-arbitrage constraints:

1 0 0 0 0 1 o 0 0 o0 1 0 0 0 0
01 0 0 0 -1 1 o 0 o0 0o 1 o 0 o
AV =lo 0o 1 0o o AP =0 -1 1 o ol A®=1|1 -2 1 0o o
00 0 1 0 0 0 -1 1 o0 o 1 -2 1 o0
o 0 0 0 1 o 0o o0 -1 1 0o o 1 -2 1

o The no-arbitrage constraints are in A = [A() A AG)T

e & is no more a Gaussian, but a Gaussian with constraints:

E{PE =y, ] < A& < u} < the predictive distribution

o Consider the mode of &, which can be solved by a QP:

s T o1
" =argmin ' X, &
EERM
o log Gaussian pdf
s.t. @& = y°™ < interpolation conditions, data
| < Af < u, < inequality conditions, economics
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Model

Economics-Aware ML: The ConsGP

» Step four: economics-aware predictions: y,(X) = ®x&*.

» We use ConsGP to predict the no-arbitrage call and put option prices on
any strikes — Breeden-Litzenberger theorem applicable!

> Construct an RND concerning both call and put (the second derivative):

20 (o) (g )
er(Tft)8 Yim 8}((}§St77—) if K < S,

fOUK) = {

2 o (call) (g )
er(Tfi.“)a Ym a%gvsn-r) if K> S,.
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Model

The ConsGP RND-Recovery

» Cubic IV + Constant: cubic-splined IV with constant extrapolation, i.e.,
log-normal tails, Shimko (1993), Bliss and Panigirtzoglou (2004).

» Cubic IV 4+ GEV: cubic-splined IV with GEV tails, Figlewski (2010).
> SVI: parametrized IV, Gatheral (2004).
» ConstrainedGP: our method.

Cubic IV + Constant Cubic IV + GEV svi Constrained GP
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The RNDs recovered by different methods. COF, 05 Aug 2021, 71 days to the expiration.
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Simulation

Simulation
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Simulation

Simulations

» Heston's model with fixed parameters. The “true” RND is known.

> Generate 100 call and 100 put prices on the equidistant strikes K € [20, 200].
» Sample 100%, 50%, 25% and 5% of the total 100 calls and puts.

» Add Oe, 0.3¢, 0.6¢, 0.9¢ and 1.2¢ random noise, € ~ N(0,1).
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Simulation

Simulation
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The quantile losses of the 10%, 20%, - - -, 80%, 90% percentiles.
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Simulation

Simulation
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The divergence losses (KL, JS, Wasserstein, and HeIIinger).
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Empirical Analysis

Empirical Analysis
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Empirical Analysis

Data

» Constituent stocks in the S&P 500 index from Jan 1996 to Dec 2022.
» Stock options, returns, and the risk-free rates are from OptionMetrics.

» We apply minimal stock option data filtering to retain the most information.
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Empirical Analysis

Our Empirical Analysis Road-map

/ firm-level quantile regression
> VaR? ES? | PMQ® <—— panel quantile regression with FE

cross-sectional regression, stock crash risk
. o quintile portfolio sorting

> AVolQ, Skew?, AVAR
T cross-sectional regression
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Left-Tail Risk

Empirical Analysis

Not winsorized

Winsorized

Option Stock

Option Stock

Mean 2.59 -0.24 2.53 0.43
Std 7.33 14.02 5.12 4.56
Min -58.86 -262.62 -11.52 -28.02
25% -0.36 -1.21 -0.29 -1.18
50% 1.79 0.20 1.79 0.20
75% 4.77 2.32 4.65 2.23
Max 54.36 35.43 26.66 19.32
No. of firms 456 456 446 446

Out-of-sample quantile regression R, averaged across all stocks.

Cao, Chen, Cheng & Shi (2024)
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Empirical Analysis

Left-Tail Risk

Option Stock  Option+Stock Firm-chara BKM*  Idiosyn* Raw
VaR? -2.854%** S2.826%FF  _3.143%** _3 Q2% _3 04Q%kk D DG4kkk
(-18.79) (-29.33) (-36.01) (-36.59) (-4.84) (-14.63)
var? -0.015%** 0,023
(-18.26) (0.51)
Beta ke 0.003*** 0,004%** 0.002 0.003%**
(2.61)  (3.00) (0.22)  (2.87)
Coskew 0.012*** (0.011***  0.010 0.010%***
(9.79)  (8.87)  (1.00)  (8.46)
Size -0.006*** -0.004*** -0.003 -0.003***
(-9.08)  (-6.04) (-0.69)  (-5.60)
Ivol -0.065%**
(-8.54)
Ivol - -0.059%**  -0.062
(-7.54)  (-1.01
Iskew 0.000 0.000 0.000
(-1.07)  (-0.13)  (-1.09)
Ikurt 0.000 0.000 0.000
(0.94)  (0.12)  (1.00)
Idiovol 0.022***
(3.74)
Idiovol - 0.022
(0.75
Idioskew 0.000  0.000%**
(0.30)  (2.84)
Firm-Week Obs. 301,040 301,040 301,040 300,727 300,72 300,727 300,727
The panel quantile regression (with fixed effect).
Cao, Chen, Cheng & Shi (2024) ABFR Doctoral Research Symposium 05 Dec, 2025
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Empirical Analysis

Left-Tail Risk

Averaged R! (%)

6 Implied VaR 6 Implied ES 6 Implied LPM
5 54 5
4 44 4
3 34 34
2 A 2 21
14 I 14 14 I
o] o] HEN ull o4 ull
S I ]
VSPL  IVGEV  IVSVI cGP VSPL  IVGEV  IVSVI cGP IVSPL  IVGEV  IVSVI cGP

W Full-Sample  mww In-Sample . Out-Of-SampleJ

The averaged full-/ in-/ out-of-sample R! by different RND-recovery methods.
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Empirical Analysis

Moment-Based Factors

» Option-implied moment-based return factors from the literature:
o Chordia et al. (2021), implied skewness
e Dennis et al. (2006), AVol — Vol, — Vol;_4
o Bollerslev et al. (2020), Asymmetry of variance — UPM — LPM

» We construct through ConsGP: Skew®, AVo/? AVARC.

Cao, Chen, Cheng & Shi (2024) ABFR Doctoral Research Symposium 05 Dec, 2025 29 /37



Empirical Analysis

Moment-Based Factors

Implied Volatility Innovation

Asymmetry of Variance

Implied Skewness
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Long-short portfolios (quintile sorting).
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Empirical Analysis

Moment-Based Factors

Constant GEV SVI CGP
SR t-Statistic SR t-Statistic SR t-Statistic SR t-Statistic

Skew© 0.02  0.29 0.12 1.76 005 071 0.20 2.9
AVo/? 0.00 0.02 -0.023 -0.34 -0.00 -0.07 0.04 0.65
AVAR?0.10 1.43 0.10 152 011 161 0.12 1.80

The Sharpe ratio and t-statistic of the long-short portfolios.

Cao, Chen, Cheng & Shi (2024) ABFR Doctoral Research Symposium 05 Dec, 2025
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Empirical Analysis

Moment-Based Factors

Skew® AVol? AVARC

(1) () 3 @ (1) 2 B @ (1) (2) (3) (4)
M 0.001* 0.001 ** 0.001** 0.001 0.021** 0.019** 0.019* 0.020* 5.328** 5.566*** 5.036*** 5 450%**
(1.97) (2.12) (234) (1.25) (2.01) (2.18) (1.84) (1.75) (2.50) (3.29) (3.51) (2.91)

ag 0.01*** 0.003 0.005 0.001 0.009*** 0.002 0.004 0.001 0.009*** 0.004 0.006 0.004
(2.72)  (0.79) (1.15) (0.23) (3.03) (0.46) (0.73) (0.09) (2.81) (1.20) (1.61) (0.64)

Firm-chara No Yes Yes Yes No Yes Yes  Yes No Yes Yes Yes

BKM No No Yes Yes No No Yes  Yes No No Yes Yes

Idiosyn No No No Yes No No No Yes No No No Yes

Firm-Month Obs. 60,597 60,442 60,401 50,207 48,639 48,609 48,609 48,609 60,282 60,128 60,090 50,076
adj. R? 03% 81% 10.4% 12.0% 0.8% 8.6% 11.0% 12.2% 3.0% 9.8% 11.5% 13.1%

FM cross-sectional regressions. Monthly stock returns against lagged moment-based factors.
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Empirical Analysis

Moment-Based Factors

Skew? AVol? AVARQ
Constant  GEV Svi CGP Constant GEV SVI CGP  Constant GEV SviI CGP
M 0.000 0.000 0.000 0.001* 0.014 0.000 -0.005 0.021** 3.364* 1103  0.124 5.328**

(1.02) (1.44) (0.04) (1.97) (0.81) (-0.01) (-0.39) (2.01) (L.72) (1.23) (0.95) (2.50)

a0 0.01%F% 0.Q1%** 0,01%*% 0.01%%* 0.000*** 0.010%** 0.009%** 0.009*** 0.009*** 0.000*** 0.009*** 0.009***
(2.94) (3.00) (3.10) (272) (3.08) (3.23) (278) (3.03) (3.00) (279) (2.82) (2.81)

Firm-Month Obs. 71,631 68,548 74,307 60,597 48,639 48,639 48,639 48,639 59,626 58,821 60,584 60,282
adj. R? 0.7% 0.4% 0.0% 0.3% 1.2% 1.1% 0.7% 0.8% 1.94% 131% 0.71% 3.0%

FM cross-sectional regression (univariate). Factors are from different RND-recovery methods.
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Conclusion

Conclusion

» We propose the ConsGP to nonparametrically model option prices:
e No IVs, directly learn from option prices.

o Data-driven with economics-awareness (the no-arbitrage conditions).
» The ConsGP RND-recovery produces well-conditioned RND.
» We examine the recovered RND information in a stock-level perspective.

» Our method enhances the economic information interpretable from options.
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